Abstract Whatever the external loading, a crack front in a solid tries to reach mode I loading conditions after propagation. In mode I + II, the crack kinks to annihilate mode II, kinking angle being well predicted by the principle of local symmetry (PLS) or by the maximum tangential stress criterion (MTS). In presence of mode III, the problem becomes three-dimensional and the proposed propagation criterion are not yet well proved and established. In particular in three point bending experiments (3PB) with an initially inclined crack, the crack twists around the direction of propagation to finally reach a situation of pure mode I. The aim of the paper is to compare the propagation paths predicted by two different criteria for 3PB fatigue experiments performed on PMMA. (7):1421-1443, 2001b), predicts an abrupt and then progressive twisting of the front to annihilate mode III. Due to presence of sign changing mode II and almost uniform mode III in the experiments, both criteria give good results. However, since mode III is predominant over mode II in the case under consideration, the global criterion gives better results. Nevertheless, the local type criterion seems to be of greater universality for practical engineering applications.
Introduction
In homogeneous isotropic elastic media, except in some special conditions, it is well known that whatever the external loading, the crack front bifurcates in order to reach a situation of pure mode I as the crack propagates (Hull 1993) . A literature survey of mixed mode crack growth can be found in Qian and Fatemi (1996) . Under mode (I + II) conditions, the crack kinks to annihilate mode II, as depicted in Fig. 5c . The value of the corresponding kink angle can be obtained, for instance, by the Principle of local Symmetry (PLS) of Goldstein and Salganik (1974) or by the maximum tangential stress criterion (MTS; Erdogan and Sih 1963) . In presence of mode III, to reach a situation of mode I, the crack front twists around the direction of propagation. The way this twisting occurs is case dependent: in some cases, it occurs gradually (Fig. 1a, c) , in some other cases abruptly (Fig. 1b, d) ; sometimes the whole front twists in one-piece (see Fig. 1a , b) and in some other cases, the front twists piecewise leading to a factory roof pattern (see Fig. 1c, d ). The conditions of transition between these several crack patterns remain an open question. For instance, gradually piecewise rotation has been observed by Sommer (1969) , Hourlier and Pineau (1979) ; abruptly piecewise rotation by Palaniswamy and Knauss (1975) . In Makabe et al. (2006) , depending on the loading conditions, both progressive and abrupt rotation have been observed. Abrupt piecewise twisting at a small, mesoscopic, length-scale and progressive rotation of the whole crack front at a macroscopic length-scale, has been observed in three or four points bending (3PB or 4PB) experiments. Such experiments and observations have been made by Yates and Mohammed (1996) on steel specimens in fatigue, by Cooke and Pollard (1996) , Buchholz et al. (1998 Buchholz et al. ( , 2005 on PMMA blocks in fatigue, by Lazarus and Leblond (1998) , Lazarus et al. (2001b) on PMMA specimens under monotonic increasing loading. These patterns can also be recognized on geological materials (Pollard et al. 1982; Aydin and Pollard 1988) at different length-scales.
The qualitative way of crack propagation is well explained by its tendency to reach mode I conditions (Hull 1993; Pook 1995) . But it is not sufficient to predict the propagation path quantitatively and a few fracture criteria have been proposed so far. Concerning the abrupt rotation of the crack front, several criteria have been proposed. But the only paper we are aware of, that compares the results with experimental findings is Cooke and Pollard (1996) , who showed that all the criteria overestimate the real value. Lazarus et al. (2001b) proposed the following fit:
by interpolation of their experimental data. In the special case of 3 or 4PB experiments, the gradually rotation of the front, has been predicted, on the one hand, by Gravouil et al. (2002) and Buchholz et al. (2004) using MTS-criteria and by Lazarus and Leblond (1998) , Lazarus et al. (2001b) using a criterion predicting the twisting rate of the whole crack front. Whereas the kink angles given by MTS criteria lead to the annihilation of mode II, the twisting rate of Lazarus and Leblond (1998) , Lazarus et al. (2001b) leads to the annihilation of mode III. Hence it may be surprising that both criteria manage to find the experimental propagation path. Also the aim of this paper is to discriminate these two kind of criteria by comparing the predictions of the MTS criterion (Erdogan and Sih 1963) or its 3D extension (Schollmann et al. 2002) and those of the criterion proposed by Lazarus and Leblond (1998) , Lazarus et al. (2001b) to 3PB fatigue experiments performed on PMMA. These experiments are presented in Sect. 2. Both modes II and III are present in the experiments. By symmetry, mode II Stress Intensity Factor (SIF) takes opposite signs at each side of the front, hence MTS criterion (or equivalent 3D ones, see Sect. 3.1) predicts an opposite sign of the kink angle. Mode III yields a uniform twisting of the whole front by Lazarus et al. criterion (Sect. 3.2) . Hence, at least qualitatively, the same kind of twisting propagation path is expected and the quantitative comparison (Sect. 4) with the experiments shows that both criteria allow to recover quite well the experimental values. Nevertheless, two facts shall limit the extensive use of MTS criterion (or equivalent ones such as PSL or 3DMTS generalization) in presence of mode III although MTS criteria seem to be sufficient for any practical engineering purposes. The first fact is that increasing mode III over mode II rate, gives advantage to Lazarus et al. criterion toward the MTS one, and the second that MTS criterion predicts well the kink angle near the free surfaces but too low ones near the center of the front.
Experiments

Setup
The experiments are 3PB experiments performed on PMMA specimens containing an initial inclined slit (Fig. 2) . The geometrical parameters of the 3PB-specimens are as follows: length L = 260 mm, 2L e = 240 mm, thickness t = 10 mm, width W = 60 mm, normalized crack length a/w = 1/3, angles of the inclined planes of the initial cracks or notches with γ = 75 • , 60 • and 45 • . For the simulation the material parameters are given by the experi-mental specimens from PMMA with Young modulus E = 2, 800 N/mm 2 and Poisson ratio ν = 0.38. The specimens are subject to a cyclic lateral force of F = 2.4 kN and the stress ratio of the cyclic loading is R = 0.1.
Propagation paths
For γ = 90 • , the initial notch is located in the middle (x, z) plane of the specimen. Due to symmetry reasons, the crack is then loaded in mode I only and crack propagates straight and breaks the specimen in two equivalent pieces. For γ less than 90 • the initial notch is loaded in both tension and out-of-plane shear, and the crack bifurcates during propagation. Pictures of the propagation path ( Fig. 3) show that, at a macroscopic length-scale, the crack front gradually twists around the direction of propagation to finally reach the middle mode I plane (x, z) of the specimen. Hence, crack propagates to annihilate shear loading. One can notice in Fig. 3b , that the rotation becomes more important with decreasing value of γ . By observing the crack facies postmortem, one can also notice that the intersection between the crack surface and a plane (y, z) is always straight (one can adjust a straight ruler on this intersection). This will be of importance for the geometric description of this macroscopic crack surface. On a smaller mesoscopic length-scale, one can notice on the pictures of Fig. 4 , some little facets looking like abrupt factory roofs or echelon cracks, the plane of each facet being obtained by abrupt rotation of angle ψ about the x-direction of propagation (Fig. 1d ). Our principal aim in this paper is not to determine the angle ψ locally for positions along the crack front (although it will be needed in one of the criteria) but the geometry of the macroscopic smoothly twisting crack extension. same extension but restricted to a distance of propagation δ from the initial slit, δ being supposed small enough so that crack extension in each plane x 3 = Cst. coincide with its tangent (Fig. 5c ). Let us denote d the half-length of the initial front, ϕ(x 3 ) the kink angle (rotation angle of the crack extension around Ox 3 ) at the point of coordinate x 3 of the front, ϕ m the kink angle for x 3 = d. The intersection of the crack and a plane x 1 = δ being observed to be a straight line, one can use Thales' theorem (see Fig. 5d ) to obtain:
which yields:
so that one can derive the kink angle all along the crack front by simply performing the measure of the kink angle ϕ m at the external surface. Here care must be taken that ϕ m is defined in the plane x 3 = d normal to the crack front hence is different from the "kink" angle α measured on the free surface plane z = t/2. They are linked by:
Since some experimenters give values of the rotation rate dγ /dδ rather than the kink angle, we give also the following relation between ϕ m and dγ /dδ, which can easily be derived from Fig. 5d :
In the sequel we will focus our attention on the determination of the kink angle. The value of the rotation rate can then be deduced from Eq. 4.
Quantitative description of the mesoscopic facets
The initial facets have not at the moment be studied precisely and shall be the subject of a further work. For the purpose of this paper (the study of the macroscopic extension), we will use a simplified description by assuming that all the initial facets are deduced from the initial slit by rotation of a same angle ψ about the Ox 1 axis. They disappear when they merge into the global crack surface which gradually rotates about the same axis with the rotation rate dγ dδ . Hence, their length δ c is linked to the rotation rate by the following formula:
Propagation criteria
For the determination of the kink angle, two types of criteria are proposed in the sequel. The first type predicts independently the kink angle at each point x 3 of the crack front by using the values of the SIFs at the same point x 3 , hence will be called local type criteria in the sequel. These criteria are the PLS (Goldstein and Salganik 1974) , the MTS (Erdogan and Sih 1963) and its 3D extension (Schollmann et al. 2002) . The second type of criteria supposes that the kink angle is of the form of Eq. 2 and predicts the maximum kink angle ϕ m or equivalently the rotation rate dγ /dδ considering the mean value of the SIFs along the whole crack front. They will be called global type criteria in the sequel. These criteria consist in maximizing the mean value of K I (mode I SIF) or the mean value of G (total energy release rate). All these criteria are described in the following sections.
Local type criteria
Consider a point of the crack front and denote K I , K II , K III the SIFs at this point. After propagation the crack has kinked by an angle ϕ. We will consider three criteria giving this kink angle versus the initial SIFs (before propagation): the Principle of Local Symmetry (PLS), The Maximum Tangential Stress criterion (MTS), and a 3D extension of the MTS (3DMTS). 1 The Principle of Local Symmetry states that after propagation the mode II SIF shall become zero. This yields:
where functions F i, j have been derived in Amestoy and Leblond (1992) . The Maximum Tangential Stress criterion states that the crack propagates in the direction where the circumferential tensile stress σ θθ is maximum. This yields:
The 3D extension of the MTS (3DMTS) developed by Schollmann et al. (2002) states that the crack will grow radially from the crack front into the direction which is perpendicular to maximum principal stress σ 1 .
This direction corresponds to an abrupt twist angle ψ of the front around the direction of propagation and a kink angle ϕ which is linked to the SIFs by:
Since PLS and MTS criterion give nearly the same value of the kink angle, 2 we will only consider in the sequel the MTS and 3DMTS criterion.
Global type criterion of Lazarus and Leblond
Starting from the idea that the twisting of the crack front is due to the presence of mode III, a criterion linked to the disappearance of mode III has to be derived. This criterion is necessary of global type (that is involving all the points of the front) since this twisting around the direction of propagation can only be achieved if all the points twist together. Lazarus and Leblond (1998) where G(x 3 , δ) denotes the total energy release rate and K I (x 3 , δ) the mode I SIF, both after a propagation over a distance δ and at the point of coordinate x 3 of the front. One has:
Applying these criteria for a vanishing δ, that is, a vanishing crack extension length, one gets a zero value for ϕ m . This implies that the criteria must be applied after a non-zero propagation length. On picture 4b, one observes the presence of little facets at the beginning of the propagation. During the formation of the facets, the points of the crack front propagate in an "individual" manner. Afterward, as soon as the facets have disappeared and the entire front twists as a whole, their behaviour becomes "collective". From there derives the idea to fix δ in the criteria to the length δ c of these little facets.
In order to apply the criteria, let us suppose the length δ c of the extension to be small enough for the expansion of the stress intensity factors δ) in powers of the crack extension length δ obtained by Leblond (1989) and Lazarus et al. (2001a) to be applicable. These expressions give the SIFs after propagation K p (x 3 , δ) in function of the initial SIFs K p (x 3 ), p = I, II, III. Denote k p the mean value of these quantities:
If |k III /k I | 1 and |k II /k I | 1, the criteria MVK and MVG then give respectively the following formulas for ϕ m :
These theoretical expressions of ϕ m were obtained analytically for |k III /k I | 1 and |k II /k I | 1. However, ϕ m can be computed numerically for arbitrary values of
The results show that the analytic formulae are valid even for k III /k I and k II /k I of order unity.
Equations 11 and 12 give ϕ m in function of the given specimen geometry a, d, material ν and the loading k III /k I and of the length δ c of the facets. Hence, to apply these criterions, we have to determine theoretically the length of the facets in function of the geometry and the loading of the specimen. Yet, the length of the facets δ c is linked to the orientation ψ of the facets and to the rotation rate dγ dδ of the macroscopic extension by Eq. 5. In this expression, ψ may be estimated through Eq. 1. After use of Eq. 4, this yields:
The couple of Eqs. 11, 13 or 12, 13 forms two equations with two unknown factors ϕ m and δ c that can be solved numerically to obtain δ c and ϕ m as a function of a, d, ν, k III /k I .
Comparison with the experiments
Determination of the SIF
The Stress Intensity Factors are computed using the program ADAPCRACK3D developed at the Institute of Applied Mechanics at University of Paderborn (Fulland et al. 2000; Schollmann et al. 2003) . It is a Finite-Element based tool for simulation of crack propagation processes in three-dimensional structures. The program delegates the determination of the mechanical fields to the commercial FE-Solver ABAQUS. Using these fields, the SIFs for all three fracture modes are then determined by the module NETCRACK3D by the use of the MVCCI-method (Rybicki and Kanninen 1977; Buchholz 1984) . They are given in Fig. 6 for one half of the front (the other part can be deduced from the fact that due to symmetry considerations, K II /K I is an odd function of x 3 and K III /K I is an even one). Results for the points located at points x 3 = ±d shall be disregarded since the classical SIFs cannot be defined at these free surface points (Bazant and Estenssoro 1979) due to the corner singularity, which differs from −1/2. One observes that K III predominates over K II , that K III /K I is nearly uniform and increases while γ decreases (more inclined notch).
Comparison between MTS, 3DMTS, MVK
and MVG By measuring the "kink" angle α at the free surfaces z = ±t/2, using Eq. 3 the kink angle ϕ m for x 3 = ±d is obtained and using Eq. 2 their values for the interior points of the front. to symmetry and external points shall be disregarded since SIF are not defined at these points). The following observations become apparent: 1. Despite the two concepts rely on totally different aspects of the loading situation of the crack front both predictions of the kinking angle are quite satisfactory. 2. For the MTS and 3DMTS criteria, an excellent agreement is found near the free surfaces. But the kink angles are notably underestimated in the middle of the front. This is not surprising, since the small initial facets, which could be observed in the experiments, suggest that the twisting linked to mode III, is of relevance in those cases. Due to its omission, the twisting of the whole crack front is underestimated. give very similar results, but for γ = 45 • , MTS seems to be more accurate. It seems that the kink angle is better predicted by maximize the opening stress on facets containing the crack front (MTS) than on any facets in front of the tip (3DMTS). Hence even in presence of mode III, MTS or equivalently PSL shall be used rather than 3DMTS. 5. Criteria MVK and MVG yield very similar values, hence are difficult to discriminate by the experiments. Nevertheless, a more precise estimation of the errors gives a slight advantage to MVK. It was still the case in Lazarus et al. (2001b) for similar experiments made on steel.
Propagation path by ADAPCRACK3D
Even if global type criteria give better prediction for the initial kink angle, application of the local type ones iteratively during propagation gives a crack surface very similar to the experiments (see Fig. 9 compared to 3a). This demonstrates the ability of ADAPCRACK3D to perform simulations of 3D crack propagation paths, even if the initial kink angle is slightly underestimated. The mesh and the deformation of the specimen during computation is depicted in Fig. 10 . 
Conclusion
By comparison of the criteria with the experiments, one can notice that:
-The presence of both mode II and mode III along the crack front implies that both investigated criteria give good results concerning the development of the crack front in 3PB specimen under notable mode III influence. -The global type criteria by Lazarus and Leblond, which was especially designed for those crack cases, predict the macroscopic deflection of the crack front by supposing that the whole front twists around the direction of propagation to annihilate mode III. Its results match the experimentally obtained crack development with excellent accuracy. But the criterion, specially designed for these experiments, seems difficult to be extended to any other configuration. -The local type MTS criteria predict crack growth by definition of a local kinking angle that annihilate mode II. They differ more from the experimental findings than the predictions of the criterion by Lazarus and Leblond, since they disregard the local twisting ψ due to mode III. But they are of greater universality, as it is applicable to arbitrary 3D-crack problems. -Moreover from a global point of view the smaller rotation rate resulting from the underestimation of the crack front twisting due to the disregard of the twisting angle does not notably change the overall shape of the final crack surface. Hence MTS criterion seems sufficient for any practical engineering purposes.
It can finally be concluded, that obviously the crack front rotation, which is observed under notable mode III influence in 3PB specimens, can be described by both local and global type criteria. Hence, it is not possible to definitely conclude whether the twisting observed in 3PB or 4PB is a mode II or a mode III effect. But since the global type criterion gives better results, one shall conclude that it is rather a mode III one. Now, a more extensive experimental study of crack propagation paths in presence of mode III shall be done. The conditions of transition between these several crack patterns (abrupt or progressive, one-piece or piecewise twisting, see Fig. 1 ) shall be lightened. The size effects, loading conditions on the spacing and rotation angle of the factory-roof patterns shall be studied. Extensive comparison of the twisting angle ψ of 3DMTS criterion or the empiric formula (1) with the twisting of the facets are envisaged in a near future.
